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IRT

ltem Response Theory Models

e Measurement models
e Models to measure theoretical concepts, e.g., ability, ideology
e Measurement of an unobserved concept: Latent variable
e Abstraction of data: Dimension reduction
e Two-parameter item response theory (IRT) model
e Context: Measuring ability using educational tests, e.g., SAT, GRE
e Studentsi=1,... N, items (questions)j=1,...J
e Response Yj: 1 correct, 0 incorrect
e Model: P(Y;=1) =0 (,8in — oj>
Latent variable representation
0 (U;j<0)
Yij =
1T (Uj>0)
U,’j =—qa;+ Bj)\,' + €jj,  €jj hig- N(O, 1)

Parameters
e A;: Ability of student i
e q;: Difficulty of item j
e B;: Discrimination of item j (usually B; > 0)
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IRT

Spatial Voting Interpretation of the IRT Model

e Political science interpretation of IRT: Ideal point estimation
@ Spatial voting model with random utility:
Euclidean policy space, R

e Legislatori's ideal point: A; € R

e Policy proposal (bill) j: {; € R
o
[

Status quo against proposal j: g, eR

i's utility: 2 P.i.d.
YU = (A=) +np 0y REN(O,07)
2 y
Uily)) = — ()\i - l,Uj> +vi, vy =TN(0,07)

i votes "Yea" if U;((;) > Ui(y;) and "Nay" if Ui(¢;) < Ui(y))
Probability of voting “Yea" (Y = 1):

P(Yj=1)=P (U,-(Zj) > UK%)) = (Bﬂ‘f - C’f)

g G2, G
! 207 ! 207

@ |deal points estimated as ability parameters in IRT model
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IRT

Gibbs Sampler for the Two-Parameter IRT Model

e Gibbs sampler for ideal point estimation
e Data: N x J matrix of binary variables

o Augmented variable: Uj = (vjj —nj;)/y/207
e Gibbs steps for Uy, B;, j, and A;: Probit and iterative regression!
@ Joint posterior:

p(a,B,A,U[Y) xp(a,B,A)

Prior

=
SL

(1{U; > 0}1{Y; = 1}
i=1j=1

F1{U; <0}1{Y; = 0))e
e Conditional posterior of Uj;:

N J
p(Ula.B.AY) o [TT] (1{Us > 031{v; =1}
i=1 j=1

 U=BNitap?
2

U =B+a)?
+1{U; <0}1{Y; =0} e 7
e Identical to the Gibbs step for latent response in Probit

. . —1 —1 —1
o Independent truncated Gaussians with y = —a*~" + g~
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IRT

e Conditional posterior of A; with independent priors:
2
(Uj+a)—BAi
p(A|a,B.U.Y) o<Hp Mo [Je
j=1

e Independent Bayesian regressions across i
@ Units=votes:j=1,...,J
@ "Response”: Ufjs) - aj(sq)
© 'Regressor”: [3;571), no intercept
@ 'Coefficient”: )\l.(s)
e Conditional posterior of oj and B; with independent priors:

(o)’
p(a ,8|7\UY0<1_[p(:717 He%
j=1
e Independent Bayesian regressions across |
@ Units = legislators:i=1,...,N
@ "Response”: Ufjs)
@ "Regressor”: (—1, A1)
@ 'Coefficients™ (aj(S), Bj(s))
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IRT

Prior and Identification

e Conditionally conjugate, independent prior on a; and §;:

(7)o
e 2: Usually diagonal !

e Prior variance relative to V(gj;) =V ((v,»j - ’7;])/1 /20j2> =1

e Conditionally conjugate, independent prior on A;:
AN (0,07)

e Again, o, relative to 1
e |dentification: Scale and direction of the policy space

e Scale: Everyone's ideal point multiplied by a constant

e Direction: Conservative-liberal or liberal-conservative?
e |dentification constraits:

e Constrained prior distributions

@ /i has mean zero and variance one across legislators, oy = 1
@ Atleast one B, is constrained to be positive (negative)

e Fixed values of two legislators, €.9., Asanders = —1, Acruz = 1
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Need for Speed

TABLE 1. Recent Applications of Ideal Point Models to Various Large Data Sets
Number of Number of
Subjects Items Data Types
Parliaments
DW-NOMINATE scores (1789-2012) 37,511 46,379 U.S. Congress
Common Space scores (1789-2012) 11,833 90,609 U.S. Congress
Hix, Noury, and Roland (2006) 2,000 12,000 European Parliament
Shor and McCarty (2011) 6,201 5,747 U.S. state legislatures
Bailey, Strezhnev, and Voeten (2015) 2,187 7,335 United Nations
Courts (and other institutions)
Martin and Quinn scores (1937-2013) 697 5,164 U.S. Supreme Court
Bailey (2007) 27,795 2,750 US. Supreme Court, Congress, Presidents
Voters (and politicians)
Gerber and Lewis (2004) 2.8 million 12 referendum votes
Bafumi and Herron (2010) 8,848 4,391 survey & roll calls
Tausanovitch and Warshaw (2013) 275,000 311 survey
Bonica (2014) 4.2 million 78,363 campaign contributions
Social Media
Bond and Messing (2015) 6.2 million 1,223 Facebook
Barbera (2015) 40.2 million 1,465 Twitter
Texts and Speeches
Clark and Lauderdale (2010) 1,000 1,000 U.S. Supreme Court citations
Proksch and Slapin (2010) 25 8995 German manifestos
Lewandowski et al. (2015) 1,000 250,000 European party manifestos

Notes: The past decade has witnessed a significant rise in the use of large data sets for ideal point estimation. Note that “# of subjects”
should be interpreted as the number of ideal points to be estimated. For example, if a legislator serves for two terms and are allowed
to have different ideal points in those terms, then this legislator is counted as two subjects.

Imai, Lo, and Olmsted (2016)
e Parties, legislators, judges, campaign donors, SNS accounts, ...
e Large J and large N in some applications
e N + 2J parameters and N x J augmented variables
~» Need for speed
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EM

The EM Algorithm

@ Expectation-maximization algorithm
e lterative algorithm to find maximum a posteriori (MAP) estimates
e Pros: Generally faster than MCMC
e Cons: No estimates of posterior uncertainty

e General setup
e Model: p(Data | Z, 8) with unobserved Z such as latent variables,

data augmentation, missing data, or nuisance parameters
e Posterior density: p(6 | Data) = [ p(6,z | Data)dz

e Algorithm:
s=0 Set initial values, p©
s=1,2,... Repeatuntil convergence of 6«

@ E-step: Compute the “Q-function” in a closed form
Q66 = /p(z | 8¢~ Data) log p(8, z | Data)dz

@ M-step: Maximize Q w.rt. 8 with p(z | 67", Data) fixed
6 = argmaxQ(6 | 8¢ ")
0

e Convergence: 8 — Byap = argmaxg log p(6 | Data)
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EM

Monotone Convergence Property

e Why converges to the posterior mode?
e Jensen's inequality:

log p(6 | Data) = log / p(6.2 | Data)

o] 6, Data)p(z | 8, Data)dz
p(6,Z | Data)
p(Z[8. Dataﬂ
e Alternating maximization of the lower bound (LB) w.r.t. 8 and 6:
@ Given 6, LB attains its maximum when 8 = 6

p(6,Z | Data) B
Ep(z19=6,Data) {logp(z 19 =06,Data) | logp(6 | Data)

2 Il'--ﬂp(Z|Q,Data) |:10g

@ Given 8, maximizing LB w.r.t. 8 is equivalent to maximizing Q
p(6,Z | Data)
pZ18, Data>]
=Ep(2/6.Data) [log p(8,Z | Data)] — Ep(z/g,pata) [log p(Z | 8, Data)]
=Q(618) Constant w.r.t. 6
e Monotone convergence: logp(8' | Data) > logp(8¢~") | Data)
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EM

EM Algorithm for the Two-Parameter IRT Model

e EMis useful when
@ Qs easy to evaluate
@O Qs easy to maximize

@ Recall the joint posterior density: ,
1 ZZNJ N+Ely <]2+sz>>
p(a,B,AU|Y)xe e B

~~

2

Prior

HH 1{U; > 0}1{Y; = 1}

i=1j=1
+1{U; < 0}1{Y; =0} e

_ Wy—Bi+ep?
2
with priors
AR A0, 1)
ok Hg N(0,02)

ii.d. 2
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EM

e Taking the log:
logp(a,B,A,U[Y)

{log('l{u,-j > 011{Y; = 1} + 1{U; < 0}1{Y; = 0})

=1foranyij

N % (U5 = 2(=aj + BA)Uj + (—aj + ﬁf’\’)z) }

+ constant w.r.t. (a, 8,A,U)
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EM
e Q-function:
Q(G,B,)\ | 0(5—1)7[3(3—1)’)\(5—1))
=E (U\o(S*U 6= 261 yyllogp(a, B, A, U [ Y)]

1 ) B’
(s (Z+2)
ﬁ
;N
EZZ( U|as1>5<s N G- 1)y)[UU] (—aj + BA)?
i=1 j=1

onstantw rt. (a,B8,A)
+ constantw.r.t. (a, 3, A, U)

~(s—1
e Only need to compute U,.(js ) = ]Ep(u|o(5*1>,[3(5*”,7\(5‘”,Y) U]

e Often (but not always), the expectation of Q reduces to the
expectation of Z itself due to the log
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EM

e E-step: Compute U,-(js_” in the Q-function

@ U;| a,B,A,Yj: Truncated Gaussian

indep. N —Qa; 4)\,',1 Y,:O
Uijla,Ba)HYij (EVP T UUSO( al+ﬁj ) ( ) )
TNuyo(—aj+ BAi, 1) (Yj=1)
@ Known expression for the mean of a truncated Gaussian r.v.:
(s=1) |, gls=Dy(—1) | @=a V+BUAY) _
_C’js + Bjs )\iS + @(_Oj_(s_n+Bj(s—1))\’(s—1)) (Y’} =1)

(s=1) | pls=1)5(s=1)  @(=a® V+pC7al"D)
_aj +ﬁj )\i - 1_@(_0(5*1)_’_6(5*1))\(5*1))
] J i

© Easy to evaluate!

=" _
os Y =

(Y;=0)

o M-step:
e Maximizing Q simultaneously w.r.t. (a,8,7) is hard
e Conditional maximization steps:
Repeat
@ Maximize Qw.rt. A given a, B
@ Maximize Qw.rt. a, B given A
until (a, B, A) converge
e lterations of alternating linear regressions (next two slides)
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EM

e Conditional maximization step for A given (a, B):

55-0la.BA] oD, B AC)

J
= > (~a+ B B+Z/3]u$ D_x=0
i=1
LB — g
(1 +Zj:1ﬁj'2)

—.

1

e For each i, regression of U,-(js_ — aj on fB; with no intercept
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EM
e Conditional maximization step for (a, B) given A:
Qe BA 06D, B A

d(aj, B;)
_ _ZN;( aj+Bj)\,)< ) >+§N1‘< . )g;js—n

@ For each j, regression of Ul.(js_” on (—=1,A)
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Speed

FIGURE 1. Comparison of Comp i Performance across the Methods
House Senate
ioEAL
E-E—B'~g-g\ﬂ__x,g/“\m/x
= £ - wea
i OO
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Notes: Each point represents the length of time required to compute estimates where the spacing of time on the vertical axis is based
on the log scale. The proposed EM algorithm, indicated by “EM,” “EM (high precision),” “EM (parallel high precision),” and “EM with
Bootstrap” is compared with “W-NOMINATE" (Poole et al. 2011), the MCMC algorithm “IDEAL" (Jackman 2012), and the nonparametric
optimal classification esllma(or “OC” (Poole et al. 2012). The EM algorithm is faster than the other approaches whether focused on

point estimates or also

Yuki Shiraito (POLSCI 798)

uncertainty. Algori

uncertainty estimates are labeled in bold, italic type.

Imai, Lo, and Olmsted (2016) Figure 1.

@ 1 hour via Gibbs while 1 second via EM!
e Not exactly fair, though—only the MAP, not the distribution
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Dynamic Model

Ideal Points over Time

e Voting across multiple periods
e Congress members across sessions
e Judges across years
e Countries across administrations

e Modeling strategies for multi-period ideal points, Ay, t =1,..., T
e Static ideal points: Ay = A; for all t

e Independentideal points: Ay N N(O 1) as the prior
e Time trend: A = Ajg + y;it + N, N = N(O, o?)

@ More flexible approach: Dynamic linear model (DLM)
indep.
Ait | Az o~ N()\it—hw%)
IO mf_isp N(Kh )

e Markov model: Random-walk prior on 7\:r
e State-space model: Generative process depends on a state, Aj
e kjand wj,t =0,...,T: Prior parameters for identification
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Dynamic Model

|deal Points of Judges
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Fig. 1, Martin and Quinn (2002)
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Dynamic Model

The Dynamic Model and Its Joint Posterior Density

e Unique legislatorsi=1,...,N
@ Sessionst=1,...,T
@ Ineacht, billsj=1,...,J;
e Model
v.. 30 (Ur=0)
it —
Uit = —aje + ByAic + €ijt,  Eije N (0,1)
indep.
Aie | Mgt "0 N (A1, @3)
Ao " N (i, cofp)
aj " N0, 07)
i.id.
Bjt ~ N(0,0‘%)

Yuki Shiraito (POLSCI 798) Winter 2019 18/26



Dynamic Model

@ Joint posterior density:
p(a,B,AUY)

N T
=p(a)p(B H{ o) [T P(Ait | Ai—s }
t=1

i=1
T J

N
<« [TTT TP (Yic | Ui (Ue | @, B.2)
i=1

=1 t=1=1

2 2
<Zt ‘\Z <a12t+5]2t>> N 0= T _M
xe e H e 0 He 20

i=1 t=1

random walk prior

N T Jt
XHH (1{Uijt>0}1{Yijt:1}+1{Uijt§0}1{yijtzo})

i=11t=1j=1

_ (Uijtfﬁjt)‘ft+°jt)2
X e 2
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Dynamic Model

Gibbs Sampler for Dynamic Ideal Point Estimation

e Steps for U and (a, B) are identical to the static version
e Draw U conditional on (aj; (s=1) ﬁjs RAD Yy

it
U, ndep- TNuy,<o(—a j(f 1)4—[3(5 1))\(5 V) (Y =0)
it
/ TN Uy>0(— G,(fs 1)+ﬁ(s 1))\(5 D) =)
o Draw (q; als™V ,B(S 1))condltlonalon (U(jst), )\(s 1))

e For each item jt, run Bayesian regression of Uéf) n(=1,A8"")

e Two strategies for sampling A conditional on (U, a, 3)

@ Draw A; conditional on A ..., 7\,(‘? 1 )\/(Z])v LAY

(s)
+a;

e Easy to implement: For each (i, t), Bayesian regression of U
on ,8(5) with V(A5 ;, w?) as the prior
e Very slow convergence due to heavy dependence across iterations
@ Batch sampling for (Aj1, ..., Ai) via a forward-backward algorithm
@ More convoluted derivation of p(Ai, ..., Air | a,8,U,Y)
o Less dependent on previous draws, faster convergence
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Forward-Backward

Forward-Backward Algorithm for DLM

e Conditional posterior density of (Ajg, ..., A7)
2 Lo )2
~ (io—x) t=1 If—}\iyt_1
207 - 2002
p(Ai()’“‘?)\I'T | OaleUi--,Yi..) x e ®o e Wi

T Jt 2
Tt il Uit =Bjehie+ajr)
2

x e
e All U+ and Y. with t’ > t contain some information about A;
e Key factorization
p()\i07 ... 7)\”— | OnBa Uf~-7Yi--)
=pAir | a,B, Ui, Y )p(Air—1 | A, a1—1, Br_1UiT=1, Yi7-1)

X pAiT-2 | Air1,87-2, Br_oUir_2, YiT_2)
X ...p(Ain | Aiz,a.1, Bqs Uia, Yia)p(Aig | Air)

where
at :(0-17"'7O~t)7 Bt:<B.’I7"'7B.t)7 ﬂit:(ui~17---7ui-f)7

Yie =(Yia, ..., Yie)
e Ajr and the periods after t are independent conditional on A; 114
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Forward-Backward

@ Proof of factorization: ) )
pAir—1 | Air, a7, B, Uir, Y1)

xpAi7-1 | &r-1,Br_1. Uir—1,Yi1-1)
xp(Air, a1, B Uir, Yir [ Air—1, 0721, B7-1, Uit-1, Y 721)

=p(Yi7|Ui.n)pUitlA,a.1,B.)p(a.r,.B.7)p(Air|AiT—1)

xpNir-1 | 87-1,Br_1, Uir_1, Yir_1)pir | Ait_1)

Ain >® ~( A3

e Applies recursively
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Forward-Backward

Forward Filtering

e Draws from p(Aj,...,Air | a,B,U;.,Y;.) using the factorization:
@ Draw A from p(Ar | @, 8, Ui, Y,
9 Draw )\(T) 1 given A()from p(AiT—1 ‘)\IT,CIT 1,BT_1I"J;,T_1,Y;7T_1)

9 Draw A given A%

e Forward filtering: Compute p(Air | a, B, Ui, Y;..) recursively
p (A | OT’Btlef’Ylf)
P (Aits A t—1 \ot,ﬁt,ﬂ,-t,Y,-t)d)\,-t 1
/p (Aits Ajg— 1,U,t,Y,t|ot,,Bt, i1 Yieo1)
U/t,Yn|0r,,3t, i, Yio 1)
ocp(Yit | UM)/ (Ait Uit | Aie— 17C’T718t’ it— 1,Yi,t—1)
><P( it—1 |Clt7ﬁt, it—1, i,t—1)d7\i,t—1
xp(Usc | @B e) [ PO | iam)

XP( it—1 ‘O’( 17Br 1 U:t 1,Y it— 1)d)\:t 1
Yuki Shiraito (POLSCI 798) Winter 2019 23/26
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Forward-Backward

Forward Recursion

@ All densities are Gaussian
@ Forward recursion
L indep.
@ Begin with: Aj P N(ki, %) where k; and cu% are known

|ndep 2
@ Assume: Ais 1 | 8i1,B,_1, Uir1, Yiea N (Kit—1,D7 1)

© Recursive computation: )
it —Rijt—1)

/p ,t|)\,t 1) ( it—1 ‘Clt 17181‘ 1 1t71, Pt 1)d)\lf 1oxe Z(w,z 1+w,r)

E
p(Ui.+ | G-t7[3.t77\it) x e

=1 Vit — B/t it+ r)
@ Equivalent to the posterior density of Bayesian regression!

~2 1 s ~ 2 lt 1
Wit = 0 a2 20 Kit = Wi Zﬁjt Uije + aje) + —
2ot B+ 1/ i o; it—1
e The last iteration of the forward recursion, (k;r, ©%):
_ Qg —kp)?

202
p(Air]a,B,U.,Y.)xe i
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Forward-Backward

Backward Sampling

@ Backward sampling
(7] Draw)\ from N (kir, &%)

@ Draw )‘1(,21 conditional on ()\,(i, al), "t(i)“ﬁ,(j)q,Yi,tq):
e Joint density of (Aj—1,Ai¢):

(Am)\:t 1|Gt hBt 15 :t ‘I,Yi,t—‘\)
=pie | A 1)P i1 | Geo1, Byyy Uir1, Yie1)

Gi=tipp? _ Qigm—Rig—1)?
e 2
xe 2i e 20
e Conditional density of Aj+_1

p(A it— 1| Aie, G 1751‘—17 It—17Yi,t—1)

_ . 2
(*r - N/ R +Ri 1 /07 t—1>
i t—

Gie=Hi1—1)? _(Ai,t—17'%r,t—1>2 B 1/“’2“/“% 1
——r 2 2
xe 2“’% e Zmr’,t71 x e 1/mrt+1/w/,t—1
Ai Kit—1
. *12 + 2 1 1
)\ )\ . - Y N @i w/,t—1
it—1 | i,taotfhﬁtf'l?Ui,t—‘h it—1 "~ 1 1 ) 2 + ~ 2
2T 1 Wi @
it @it—

@ Many recursions in FFBS ~~ algorithm may be slow
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Summary

@ Two-parameter IRT model
e Measuring latent “ability” of units from a set of responses
e Spatial voting interpretation ~~ ideal point estimation
@ The EM algorithm
e lterative maximization of the log posterior density
e Faster, but only estimates the posterior mode
@ The dynamic linear model
e Random-walk process of a latent state variable
e Forward-backward algorithm

@ Readings for review
@ |deal point estimation:
e Clinton, et. al. (2004) “The Statistical Analysis of Roll Call Data”
© The EM algorithm:
o BDA3 Sections 13.4
e Imai, et. al. (2016) “Fast Estimation of Ideal Points with Massive Data”
© Dynamic models
e Martin and Quinn (2002) “Dynamic Ideal Point Estimation via
Markov Chain Monte Carlo for the U.S. Supreme Court, 1953-1999"
@ Scott (2002) “Bayesian Methods for Hidden Markov Models”
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