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LDA

Analysis of Text

e Measurement using text (Catalinac, 2014. “From Pork to Policy.”)
e Does intraparty competition leads to particularistic campaigning?
e Measuring the type of campaigns: Topics in manifestos
e Whether mention particularistic or programmatic goods

Number Topic Label %  Classification
1 postal privatization 98.89 prog
2 from concrete to people 98.89 prog
3 appropriator for the district 0.379 part
4 fixer-upper for the district 0.379 part
5 political reform, protect the constitution 98.89 prog
6 foreign and national security policy 98.89 prog
7 no more unfair taxes, peace constitution 98.89 prog
8 building a society kind to women 51.00 prog
9 primary industries and tourism 0.379 part

10 transportation 0.379 part
11 no tax increases, no U.S.-Japan alliance 98.89 prog
12 economic recovery 46.21 prog
13 vision for Japan 98.89 prog
14 politics for the civilian, not for bureaucrats ~ 98.89 prog
15 political and administrative reform 98.89 prog
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LDA

Modeling Text Data

@ Notation
e Vocabulary: Set of all unique words, {1,...,L}
e Word: L-dimensional standard basis vector, (0,...,0,1,0,...,0)"
e Document: Sequece of N; words, W; = (Wyj,..., Wy, )
e Corpus: Collection of J documents, (Wy,..., W)

@ Bag-of-words assumption: Document as unordered set of words
e Term-document matrix (TDM):

DM = ( ZII‘\L Wip - E;\L Wiy )
#ofterm1lindoc1 .- #ofterm 1indocJ
#oftermVindoc1 ... #oftermVindocJ

VxJ matrix of integers
e TDM fully represents the data < Only term frequencies matter
e Simple, easy to work with
e Important dependence across words may be ignored
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LDA

Latent Dirichlet Allocation

@ Lantent Dirichlet Allocation (LDA)

One of topic models

For word i in document j, latent topic Zj; is assigned
Zj: K-dimensional standard basis vector

Z; determines the distribution of Wj

The model:

e Topic assignment of word i, j

indep.

Z; "~ Multinomial(6;)
@ Observed word W;;
Wi | Zj =1 ngep- Multinomial(n,)

Prior:
e Topic proportions of document 8,j =1,...,J

6; "% Dirichlet(a)

e Word distribution of topicn,,k=1,...,K
n, "= Dirichlet(8)
Yuki Shiraito (POLSCI 798) Winter 2019
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LDA

Dirichlet and Multinomial Distributions

@ Multinomial distribution with one trial:
px)=p) - py

e x: Vector of length M, one elementis 1 and M — 1 elements are 0

e M = 2: Bernoulli distribution

@ Dirichlet distribution "
p(X) _ r(Zm:1 Em)xf1*1 . 'Xf/ll\/l*1

[Tm-1T(5m)
e x: Vector in the (M — 1)-simplex, AV~
o xe A1 & x,, > 0forallmand Zm:1xm =1
e M = 2: Beta distribution

Blei, Ng, and Jordan (2003) Figure 2.
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LDA

Dirichlet-Multinomial Model

@ Dirichlet: Conjugate prior for the multinomial
~ analytically tractable compound (mixture) distribution
@ Dirichlet-Multinomial model
Y ~ Dirichlet(§)

X | Y ~ Multinomial(Y)
e Marginal probability of X (Gamma tricks!):

:/p(x,y)dy:/pxlyp(y)dy
/ /)/( )/(M m1§ iy vy

= 7[\4 m:1 gm / . / y§1+X171 .o .yi,MdFXM?}l dy1 .. d_y[\/]
IIn m)

Unnormalized Dirichlet density

[ 18m) T TG+ Xm) &

[In=r T(Em) Tt G+ Xm)) Szt &
where m* is such that X« = 1
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Collapsed Gibbs

Collapsing Parameters in LDA

e Joint posterior for LDA

K J N;j
P(Z,6,n | W) o (H p(r)k)) 1Ir6)11r@; | 6ppwW | Zjn)
k=1 j=1 i=1

e High dimensionality of parameters in LDA
e n,: Kvectors of length L
e O;:Jvectors of length K

@ Want to collapse (integrate) parameters out
pz|W)= [ [plz.6.n| Wdedn

J N;
<I1 / p(6) [[p(Z; | 6)d8;
j=1 i=1

K J N
x// <Hp(nk)> [T IIpwW; | Zjn)dn; ---dng
k=1

j=1i=1
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Collapsed Gibbs

Collapsed Gibbs Sampler

e Collapsed Gibbs Sampler
s =0 Initialize Z(©
s > 1 Loop over all words in the corpus:
e Draw ijs) conditional on all the other topic assignments

e Very simple and fast steps: Random draws from {1,...,K}

e Posterior probability that Zj..x = 1, i.e., the topic of W is k:
Z*k—'I‘Z,**)W)

/p (Ziji =116 Hp(z,-j* | 8;-)d6-

i#i*

Dirichlet-Multinomial conditional prior: p(Zjsjs=1|Z_x j*y)

x / pPWies | Zipi =100 [ Wy | Zsn)dn,
{G)A*,j*):Zj=1}

Dirichlet-Multinomial conditional likelihood: p(Wsjx [Zjx =1, Z_ i jxy, W _ ¢ jx))
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Collapsed Gibbs
e Conditional prior p(Zisjek = 1| Z_j+ j+)):
r(zf’:‘] ak/) 901—1 . 90;(—1 6'*

1 i*, K
[Toot Maw) 70 70 oo
P(Z,*j*’k 1|9*)

p(6;«): Dirichlet

2izix Zipe 1 D izix Zipe K
X 9j*,1 ~-9j*’,< db;-

[Tisi+ P(Zj+16j): Multinomial
Fak + iz Zipk + 1) T Taw + 22z Zijewr)
Mok + 2 i Zipk 1+ 2w + X isie Zipewr))
(Gk + 2 izie Zipr) T (ke + 2 Zipe) o T + 21z Zipeior)
(Zk’ 10+ 1+ Zk/ 1 2 izis Zipeke )

=Nj=: Does not depend on k

(ak+ > Zjk) H Mok + > Zjw) < ag+ > Zjui
i#i* k'=1 i#i* i#i*
® > i« Zjk: # of other words with topic k in the same document
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Collapsed Gibbs
e Conditional likelihood p(Wjj = 1| Zisjux = 1, Z_(jx j+y), W_(jx j»))
[2i1 Br) B-1 . B

i M1 M N
[T T(By)
L ) zge=1y Wit LG ) zp=1y Wit
X Niq M Nk

B/+Z{11 F(* %) Zj= 1}W

x
L
St B+ ()£ *): ):Zy=1} Wi
® D i) A )2 =1} Wj;: # of the same unique word with topic k

e Gibbs step for Z,AjS
P(Zi*j*k =1 ‘ Z—(i*,j*) W)

g +ZZ B/+Z{ (i) A" j*):Zijp= 1}M/ij/
iF£i* Z B/ + Zl 1 Z{ (i) (* j*) ljk 1} W

e Simple multinomial sampling (sample.int() in R) for each word
e Memory efficient: Only need to store K x L integers, often sparse
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EM for LDA

EM Algorithm

o La g€ number of latent variables in LDA
~» what about the EM algorithm?

@ Log joint posterior density:
K L

logp(Z,8,n | W) = (B)— 1) logny

J K
+ Z {Z(Ok — 1) log B

k=1

Nk L
+ ) 7y (10g B+ > Wy log '7/</>
i=1 k=1 =1
+ constant
e Consider the EM algorithm where:
@ E-step: Compute Q(6,n | 8¢~ nls=N)
@ M-step: Maximize Q(8,n | 6", n=D) w.rt. 6 and
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EM for LDA
@ O-function:

0(97’7 ’ 8(571) 0(571)) =K p(Z|8C~D pls—1

K L J K
=> > (B~ 1)logny +Z{Z ax — 1) log B

k=1

Ni K L
+ Z Z EP<Z‘Q(571>7Q(571>7W) [Zijk] (log ij + Z Wijl log nk/)

i=1 k=1
+ constant
@ Posterior of Z conditional on 8 and n:

J Nk Lo Zijk
otz 6.0.w) ~ [TTIT (6 TT1°
j=1i=1k=1 =1
= Zjj's are conditionally independent given 8,n, and W
e Simple E-step:

=1

(s=1) (s—1)
ejlf* rlki/

s—1) (s—1)
Zk 1 9 e
Yuki Shiraito (POLSCI 798) Winter 2019
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EM for LDA

e Constrained optimization w.r.t. 6 and n:
max Q(6,7 | 8¢, )
7’7

(o) £

where Ag, and A, are Lagrange multipliers

@ First order conditions: 1
a,—1 +Z, 1ZU7< )

—Ag, = Oforalljand k

Ok
K
Zejk_1 =0 forallj
k=1
1y Y
B, Z/ 121 1 ljk //_)\nk:Oforallkand/
Nk L

Zr;k,—1 =0 forall k
I=1
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EM for LDA
@ M-step is simple as well:
ai — 1 ‘|‘Z,I-V1Z,(ﬁ< "
Zk’ L aw — K+ Yk Z, 12,1/«
rl/(j)— B_1+Zj 12; 121(17; UWZ .
Z// 1By =L+ 12, 1220 o Z/,k Wi

e Maximizers 6 and n®) are separately computed
~» no need iterative steps as in the two-parameter IRT model

e An EM algorithm for LDA
@ Initialize 6° and n©
@ Repeat:
@ E-step: Compute Z(jf” forall (i,j, k)
@ M-step: Compute 9](;> for all (j,k) and n% for all (k, )

until (8, 1)) converge
e Key: Z;'s are conditionally independent given 8,n, and W

e Differs from Blei et. al., which approximates Q(n | n*=")
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Variational Inference

EM with the Collapsed Posterior?

e The EM algorithm updates high-dimentional 8 and n
e What if collapse those parameters?
@ Revisitp(Z | W):

Z|W0(ﬁ Hk1r(ok+211 )

j=1T (Zk 1o+ 1ZU/<)>
K T TRy + 550 S ZpWi)
1 TOo B+ S Zf:1 Z;\L ZiWy)

X

J K Z,{V:H Zij
< [[TIre) ] (ax+m)
j=1 k=1 m=1
) AL FE8 A g 4 m)
k=1 F(ZIL:'] Bl) H%/ 11 ZJ Z 1ZikWi H(Z/ 1,8 )
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Variational Inference

Mean-Field Approximation

© p(Z| W) # T4 T11 p(Zj | W) ~ Epzw)(Zy] is not easy
e Consider an approximate version of the EM algorithm

e Intractable due to dependence across Zj's

e Let’s approximate assuming independence

@ Recall the key inequality for the EM algorithm:

[ ply.x | Data)
log p(y | Data) = log pix |, Data)p(X | , Data)dz
p(y, X | Data)
> S A i
sl Ep(X|g,Data) 10g p(X | f, Data)

@ Analogously using Jensen'’s inequality,

,Xx, Data)
log p(Data) = log / / X‘(’S x| 8)aly | {)dzdy

p(w, X, Data)
> Eqx15)q(y10) {log qgX|8)q(yw| Q)

for arbitrary distributions g(X' | 6) and q(y | {)
e Independence between y and X: Mean-field approximation
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Variational Inference

Variational Inference

@ Variational inference:

e Variational lower bound (VLB)
p(y, X, Data)

Eqisiawio) |18 o5 yatw 10)
Maximum at log p(Data) under q(X | 6)q(y | {) = p(y, X | Data)
Never attained if p(y, X | Data) # p(y | Data)p(X | Data)
Maximize w.r.t. 6 and  ~ q(X | 8)g(y | €) “close to” p(y, X | Data)
EM as a special case

@ Alternating maximization:
VLB :Eq(x‘g) [EOI(LPK) [logp(Lp,X, Data)]]
— Eqxs) log (X | 8)] — Eq(yyg) logg(y | §)]
@ Maximization w.r.t. &:
Eqx15) [Eq(yl0) [log p(w, X, Data)] —logq(X | 5)]
exp(Eq(y|g) [log p(w, X, Data)])
=—KL(g(X|& L
(q( 10) J exp(Eq(yg) [log p(y, x, Data)])dx
:>Q(X | 6(5)) . eEq(wlg(S,w))[logp(tp,X,Data)]
@ Maximization w.r.t. £: q(y | ) o eZewxise) llosPyX.Data)]
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Variational Inference

Collapsed Variational Inference for LDA
e Log posterior density:
logp(Z, W) =logp(Z | W) — log p(W)
——

constant
N

Z[i1 Zijk

J K
:ZZ log(ag +m)

J Ny
2 =1 2= ZikWi

K L
+Z Z 2_31 log(B; + m)

P sz:1 Z;\L ZipWig L
_ Z log <Z B+ m>

m=1 =1

+ constant

Yuki Shiraito (POLSCI 798) Winter 2019 17/19



Variational Inference

e Independent multinomial variational distributions:
Nj J Nk

q(Z [ Kk) = HHq (Zjj | ki) = HHH :,Zk

j="1i=1 j=1i=1 k=1
e Variational update of g(Z;-j | kj«j) given all kj; s.t. (i,j) # (i*,j*)
eXP(Ery e oy @il (108 P(Z (v o), Zisjeir = 1, W)])
K
D k=1 eXP(EH(,‘J)#(,*J*)q(z,jm,-j)[IOgP(Z—(i*,j*)Zi*j*k =1, W)])

oc PTG ) 9l [log (s + 3 s Ziier )H108 B+ 1y i+ Zister Wi )]

o~

K,‘*j*k* =

L L
o BTy o) 9@ [~ 1082 BrtSom 22y ) Zier Wi )]

where [* is such that Wi.juj. = 1
e Oth order approximation (“CVB0")

i£i* i£i*
:Zi;&f* ?fjk*
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Summary

e Latent Dirichlet Allocation
e Workhorse model for statistical text analysis
e Measurement of “topics”
e Bag-of-words assumption
e Computational challenges and various estimation algorithms
e Collapsed Gibbs sampler
e EM algorithm
e Variational inference

e Readings for review

@ LDA
@ Bleiet. al. (2003) “Latent Dirichlet Allocation”

@ Collapsed Gibbs sampler:
e Griffiths and Steyvers (2004) “Finding Scientific Topics”

© Variational inference
o BDA3 Sections 13.7
e Bishop Ch. 10
e Teh et. al. (2007) “A Collapsed Variational Bayesian Inference

Algorithm for Latent Dirichlet Allocation”
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